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Abstract
In this work, we study the factorization of the radiative leptonic decays of B− andD− mesons, the
contributions of the order O(ΛQCD /mQ ) are taken into account. The factorization is proved to be
valid explicitly at the order O(αsΛQCD /mQ ). The hard kernel is obtained. The numerical results
are calculated using the wave-function obtained in relativistic potential model. The O(ΛQCD /mQ )
contribution is found to be very important, the correction to the decay amplitudes of B− → γeν¯
is about 20%− 30%. For D mesons, the O(ΛQCD /mQ ) contributions are more important.
PACS numbers: 12.39.St
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I. INTRODUCTION
The study of the heavy meson decays is an important field in high energy physics. In
recent years, both experimental and theoretical studies have been improved greatly [1–3].
However, the limitation in understanding and controlling the non-perturbative effects in
strong interaction is so far still a problem. Varies theoretical methods on how to deal with
the non-perturbative effects have been developed. An important approach is to separate
the hard and soft physics which is known as factorization [4, 5]. This method has been
greatly developed in recent years [6]. The idea of factorization is to absorb the infrared (IR)
behaviour into the wave-function, the matrix element can be written as the convolution of
wave-function and hard kernel
F =
∫
dkΦ(k)Thard(k) (1)
The wave-function should be determined by non-perturbative methods.
The radiative leptonic decay of heavy mesons provides a good opportunity to study the
factorization approach, where strong interaction is involved only in one hadronic external
state. Except for that, with a photon emitted out, more details about the wave-function of
the hadronic bound state can be exploited. Many works has been done on the factorization
of this decay mode. In Ref. [7], the 1-loop QCD correction is calculated in the large energy
effective theory, and they found the factorization will depend on the transverse momentum.
In Ref. [8] and [9], factorization is proved in leading order of 1 /mQ expansion in the frame of
QCD factorization [4, 5], where the heavy quark is treated in the heavy quark effect theory
(HQET) [3, 10]. In Ref. [11, 12], the factorization is constructed using the soft-collinear
effective theory (SCET) [13, 14].
In this work, factorization in the radiative leptonic decays of heavy mesons is revisited.
The work of Ref. [8, 9] is extended by taking into account the contributions of the order
of O(ΛQCD /mQ ). The factorization is proved to be still valid explicitly. We also find the
factorization is valid at any order of O(ΛQCD /mQ ). The numerical results shows that, the
O(ΛQCD /mQ ) correction is very important for the B and D mesons, the correction can be
as large as 20%− 30%.
The remainder of the paper is organized as follows. In Sec. II, we discuss the kinematic
of the radiative decay and the wave-function. In Sec. III, we present the factorization at tree
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FIG. 1: tree level amplitudes, the double line represents the heavy quark propagator but not the
HQET propagator.
level. In Sec. IV, the 1-loop corrections of the wave-function are discussed. The factorization
at 1-loop order is presented in Sec. V. In Sec. VI, we briefly discuss the resummation of
the large logarithms. The numerical results are presented in Sec. VII. And Sec. VIII is a
summary.
II. THE KINEMATIC
The B or D meson is constituted with a quark and an anti-quark, where one of the quarks
is a heavy quark, and the other is a light quark. The Feynman diagrams at tree level of the
radiative leptonic decay can be shown as Fig. 1. The contribution of Fig. 1.d. is suppressed
by a factor of 1 /Mw
2 , and can be neglected. The amplitudes of Fig. 1.a, b and c can be
written as
A(0)a =
−ieqGFVQq√
2
q¯(pq¯)/ε
∗
γ
/pγ − /pq
2pγ · pq¯P
µ
LQ(pQ) (lPLµν¯)
A(0)b =
−ieQGFVQq√
2
q¯(pq¯)P
µ
L
/pQ − /pγ +mQ
2pQ · pγ /ε
∗
γ
Q(pQ) (lPLµν¯)
A(0)c =
−eGFVQq√
2
q¯(pq¯)P
µ
LQ(pQ)
(
l/ε∗γ
i(/pγ + /pl +ml)
2 (pγ·pl) PLµν¯
) (2)
where pq¯ and pQ are the momenta of the anti-quark q¯ and quark Q, respectively, pγ, pl and
pν are the momenta of photon, lepton and neutrino, εγ denotes the polarization vector of
photon, and P νL is defined as γ
µ(1− γ5).
We work in the rest-frame of the meson, and we choose the frame such that the direction
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of the photon momentum is on the opposite z axis, so the momentum of the photon can be
written as pγ = (Eγ, 0, 0,−Eγ), with 0 ≤ Eγ ≤ mQ /2.
To study the factorization, we consider the state of two free quark and anti-quark at first.
The wave-function of the two quark and anti-quark state is defined as
Φ(kq, kQ) =
∫
d4xd4y exp(ikq · x) exp(ikQ · y) < 0|v¯q¯(x) [x, y]uQ(y)|q¯Q > (3)
where [x, y] denotes the Wilson line [15]. And the matrix element is defined as
F =< γ|v¯q¯(x)P µLuQ(y)|q¯Q > (4)
The prove of factorization is to prove that, up to 1-loop order, the matrix element can be
written as the convolution of the wave-function Φ and a hard-scattering kernel T , where T
is IR finite and independent of the external state.
III. TREE LEVEL FACTORIZATION
We start with the matrix elements at tree level. Using the definition of the wave-function
in coordinate space
Φαβ(x, y) =< 0|q¯α(x)[x, y]Qβ(y)|q¯S(pq¯), Qs(pQ) > (5)
where S and s are spin labels of q¯ and Q, respectively. We find
Φ
(0)
αβ(kq¯, kQ) = (2π)
4δ4(kq¯ − pq¯)(2π)4δ4(kQ − pQ)v¯α(pq¯)uβ(pQ) (6)
And then the matrix element can be written as
F (0) =
∫
d4kq¯
(2π)4
d4kQ
(2π)4
Φ(0)(kq¯, kQ)T
(0)(kq¯, kQ) = Φ
(0) ⊗ T (0) (7)
With Eqs. (2) and (7), we obtain the hard scattering kernel at tree level as
T (0)a = −eq
/ε∗γ/pγ − 2ε∗γ · kq
2pγ · kq¯ P
µ
L , T
(0)
b = −eQP µL
−/pγ/ε
∗
γ
2kQ · pγ
(8)
In the expressions above, we have already assumed to consider the kinematical region Eγ ∼
mQ. The polarization vector of the photon does not have 0-component, as a result (/kQ +
mQ)/εuQ /2pγ · pQ is an order of O(Λ2QCD
/
m2Q ) contribution and is neglected. The remaining
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terms of T
(0)
b , and the transverse part of T
(0)
a , which is 2eqε · kq¯P µL /2pγ · kq¯ are order of
O(ΛQCD /mQ ) contributions.
Exchange the Lorentz index in Ac, we obtain
A(0)c =
−ieGFVQq√
2
q¯(pq¯)P
µ
L
(/pγ/ε
∗
γ
+ 2ε∗γ · (pQ + pq¯ − pν))
2 (pγ ·(pQ + pq¯ − pν)) Q(pQ) (lPLµν¯)
(9)
We find
F (0)c = −ev¯q¯P µL
/pγ/ε
∗
γ
+ 2ε · (pQ + pq¯ − pν)
2pγ · (pQ + pq¯ − pν) uQ, T
(0)
c = −eP µL
/pγ/ε
∗
γ
+ 2ε · (kQ + kq¯ − pν)
2pγ · (kQ + kq¯ − pν)
(10)
This term is also an order of O(ΛQCD /mQ ) contribution.
IV. 1-LOOP CORRECTION OF WAVE-FUNCTION
The expansion of the decay amplitude can be written as [8]
F = F (0) + F (1) + . . . = Φ(0) ⊗ T (0) + Φ(1) ⊗ T (0) + Φ(0) ⊗ T (1) + . . . (11)
At the 1-loop level, the amplitude can be written as
F (1) = Φ(1) ⊗ T (0) + Φ(0) ⊗ T (1) (12)
The 1-loop corrections of Φ ⊗ T come from the QCD interaction and the Wilson-Line.
The later can be written as [8, 15]
[x, y] = exp
[
igs
∫ x
y
d4zzµA
µ(z)
]
=
∑
n
(igs)
n
n!
n∏
i
∫ x
y
d4ziziµA
µ(zi) (13)
The corrections are shown in Fig. 2.
We use Φ
(1)
q to represent the correction with the gluon from the Wilson Line connected
to the light quark external leg. So the correction in Fig. 2.a. can be written as
Φ(1)q (kq¯, kQ) =
∫
d4x
∫
d4yeikq¯·xeikQ·y < 0|q¯q¯(x)igs
∫ x
y
dzzµA
µ(z)Q(y)
× igs
∫
d4x2q¯q¯(x2) /A(x2)qq¯(x2)|q¯S(pq¯), Qs(pQ) >
(14)
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FIG. 2: The 1-loop correction of wave-functions. Φ(1)⊗T (0)a and Φ(1)⊗T (0)b are established in this
figure.
After the integration, the result is
Φ(1)q ⊗ T (0) = ig2sCF
∫
ddl
(2π)d
1
l2
v¯q¯γ
ρ
(/l + /pq¯ −mq¯)
(l + pq¯)2 −m2q¯
∫ 1
0
dα
(
∂T (0)
∂kρq
− ∂T
(0)
∂kρQ
)∣∣∣∣∣
kq=k′,kQ=K ′
uQ
k′ = pq¯ + αl, K
′ = pQ − αl
(15)
The procedure of the integration can be found in Appendix A.
Similar to Φq, the correction in Fig. 2.b. can be written as
Φ
(1)
Q ⊗ T (0) = −iCF g2s
∫ 1
0
dα
∫
ddl
(2π)d
1
l2
v¯q¯
(
∂T (0)
∂kρq
− ∂T
(0)
∂kρQ
)
(/pQ − /l +mQ)
(pQ − l)2 −m2Q
γρuQ
∣∣∣∣∣
kq=k′,kQ=K ′
k′ = pq¯ + αl, K
′ = pQ − αl
(16)
We use ΦWfc to denote the correction shown in Fig. 2.c. We find
Φ
(1)
Wfc ⊗ T (0) = −
g2sCF
2
∫
ddl
(2π)d
∫ 1
0
dα
∫ 1
0
dβ
1
l2
v¯q¯
(
∂
∂kq
− ∂
∂kQ
)2
T (0)
∣∣∣∣∣
kq=k′,kQ=K ′
uQ (17)
The corrections shown in Figs. 2d, 2e and 2f can be denoted as Φbox, ΦextQ and Φextq. We
find that, they have the same forms as the free particle 1-loop QCD corrections.
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FIG. 3: 1-loop QCD correction of Fa.
V. 1-LOOP FACTORIZATION
For simplicity, we denote
x = m2Q, y = 2pQ · pγ , z = 2pγ · pq¯, w = 2pQ · pq¯ (18)
The definitions of x, y and z are the same as Ref. [8] at order O(ΛQCD /mQ )
0, while w is
a new scalar that appears at the order of O(ΛQCD /mQ ) contributions which will be shown
later, it represents the effect of the transverse momentum.
To calculate the hard-scattering amplitude, we need to calculate all 1-loop corrections
of Fa, Fb and Fc. We take a small mass mq for the light quark to regulate the collinear
IR divergences. The soft IR divergences will not appear explicitly in this factorization
procedure. We use MS [19] scheme to regulate the ultraviolet (UV) divergences, in D = 4−ǫ
demission, we define NUV as
NUV =
2
ǫ
− γE + log(4π) (19)
We take the factorization scale the same as the renormalization scale, so we use the same
µ in F (1) and Φ(1) ⊗ T (0).
A. 1-loop correction of T
(0)
a
The Feynman diagrams of the 1-loop corrections of Ta are shown in Fig. 3.
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We denote the correction of the electric-magnetic (EM) vertex, the one shown in Fig. 3.a.
as F (1)EM. To show the effect of the transverse momentum explicitly, we establish the
longitudinal part and transverse part separately. The matrix element at tree level can be
written as
F (0)a = F
(0)
a‖ + F
(0)
a⊥ , F
(0)
a‖ = −eq v¯q¯
/ε/pγ
2pγ · pq¯P
µ
LuQ, F
(0)
a⊥ = eqv¯q¯
2ε · pq¯
2pγ · pq¯P
µ
LuQ (20)
The transverse part is at order O(ΛQCD/mQ). The corrections to each part is represented
separately as
F (1)EMa = F
(1)EM
a‖ + F
(1)EM
a⊥
F
(1)EM
a‖ = CFg
2
s
∫
ddl
(2π)d
v¯q¯iγρ
i(−/pq¯ − /l +mq)
(pq¯ + l)2 −m2q
(−ieq)/ε
i(−/pq¯ − /l + /pγ +mq)
(pq¯ + l − pγ)2 −m2q
iγρ
i/pγ
2pq¯ · pγP
µ
L
−i
l2
uQ
F
(1)EM
a⊥ = ieqCF g
2
s
∫
ddl
(2π)d
v¯q¯γρ
(/pq¯ +
/l −mq)
(pq¯ + l)2 −m2q
/ε
(/pq¯ +
/l − /pγ −mq)
(pq¯ + l − pγ)2 −m2q
γρ
/pq¯
2pq¯ · pγP
µ
L
1
l2
uQ
(21)
After performing the momentum-integration, the result is
F
(1)EM
a‖ = F
(0)
a‖
αsCF
4π
(
NUV − log(2pγ · pq¯
µ2
) + 2 log(
2pγ · pq¯
m2q
)
)
F
(1)EM
a⊥ = F
(0)
a⊥
αsCF
4π
(
NUV − log(2pq¯ · pγ
µ2
) + 1
) (22)
where CF is defined as CF = (N
2 − 1) /2N = 4 /3 for QCD. The transverse part F (1)⊥ is an
order O(αsΛQCD /mQ ) contribution. Accordingly the 1-loop correction of the wave-function
is Φ
(1)
q ⊗ T (0)a , which can also be written as Φ(1)q ⊗ (T (0)a‖ + T (0)a⊥ ):
Φ(1)q ⊗ T (0)a‖ = ieqCFg2s
∫
ddl
(2π)d
1
l2
v¯q¯/pγ
(/l + /pq¯ −mq)
(l + pq¯)2 −m2q¯
2/pγ/ε
∗
γ
4pγ · (p+ l)pγ · pP
µ
LuQ
Φ(1)q ⊗ T (0)a⊥ = −ieqg2sCF
∫ 1
0
dα
∫
ddl
(2π)d
1
l2
× v¯q¯
4/εγ(pγ · (pq¯ + αl)− 4/pγεγ · (pq¯ + αl)
(2pγ · (pq¯ + αl))2
(/l + /pq¯ −mq¯)
(l + pq¯)2 −m2q¯
PLµuQ
(23)
Φ
(1)
q ⊗ T (0)⊥ is calculated in the light-cone coordinate (see also the Appendix.A in Ref. [7]),
the result is
Φ(1)q ⊗ T (0)a‖ = 2
CFαs
4π
T
(0)
a‖
(
NUV − log
m2q
µ2
+ 2
)
, Φ(1)q ⊗ T (0)a⊥ = 0 (24)
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Using Eq. (12), we can obtain the hard-scattering kernel
T (1)EMa = T
(0)
a‖
CFαs
4π
(
log
2kq¯ · pγ
µ2
− 4
)
+ T
(0)
a⊥
CFαs
4π
(
− log 2kq¯ · pγ
µ2
+ 1
)
(25)
We find that, the hard-scattering kernel of the longitudinal direction is the same as the
result in Ref. [8].
The correction of the weak vertex is shown in Fig. 3.b. The result can be written as [20]
F (1)weaka = −ieqCF g2s
i
16π2
v¯q¯/ε
{
/pγ − /pq¯
−z
[(
NUV − log y
µ2
+ y1 − 2 log xz
y2
+
x
x− y log
x
y
)
+
wy
(x− y)2y2
(
x2
(
−4 log xz
y2
− 2
)
+ xy
(
5 log
x
y
+ 8 log
z
y
+ 5
)
+ y2
(
2 log
y
x
+ 4 log
y
z
− 3
))
+
x3z
(x− y)2y2
(
−3y1 + 8 log xz
y2
− 4
)
+
x2yz
(x− y)2y2
(
7y1 + 13 log
y
x
+ 19 log
y
z
+ 14
)
+
xy2z
(x− y)2y2
(
−5y1 + 4 log x
y
+ 14 log
z
y
− 17
)
+
y3z
(x− y)2y2
(
y1 − 3 log z
y
+ 2 log
x
y
+ 7
)]
P µL
+
/pγ − /pq¯
−z 4p
µ
q¯/pQ(1− γ5)
log x
y
2(x− y) − 2mQP
µ
R
1
y
log
xz
y2
}
uQ
(26)
with
y1 = −π2 + 2Li2
(
1− x
y
)
− log2 xz
y2
+ log2
x
y
(27)
In the expressions above, we have already neglected the terms which are irrelevant for the
discussion, because they will not contribute to the matrix element up to order O(ΛQCD/mQ)
when convoluted with the distribution amplitudes, due to their Dirac structures [8]. In the
rest of this section, we will always use this simplification if possible.
The correction of wave-function is Φ
(1)
Q ⊗ T (0)a , which can be written as
Φ
(1)
Q ⊗ T (0)a‖ = −2ieqCFg2s v¯q¯/ε
/pγ
2pq¯ · pγP
µ
L
i
16π2
{(
(log
z
y
− 1)(1− z
y
) +
mQ/pγ
y
)
NUV
−
((
2− π
2
3
+ (
1
4
log2
x
µ2
− log2 yµ
zmQ
)
)
(1 +
z
y
) + (
z
y
− 1) log x
µ2
)
−
(
(
mQ/pγ
y
)(log
x
µ2
− 2)
)}
uQ
(28)
and
Φ
(1)
Q ⊗ T (0)a⊥ = −2ieqCFg2s
i
16π2
v¯q¯P
µ
L
{(
−mQ
y
(
log
z
y
+ 1
))
NUV
−mQ
y
(
(log
x
µ2
− 2) log y
z
− log x
µ2
+ 4
)}
/εuQ
(29)
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With Eq. (6) and Eq. (12), the hard-scattering kernel can be obtained through the fol-
lowing equation
Φ(0) ⊗ T (1)weaka = F (1)weaka − (Φ(1) ⊗ T (0)a ) (30)
The correction in Fig. 3.c. is
F (1)wfca = −
CFαs
4π
F (0)a (NUV − log(
2pγ · pq¯
µ2
) + 1) (31)
We find that the correction of the wave-function also vanishes as Ref. [8], i. e.
Φ
(1)
Wfc ⊗ T (0)a = 0 (32)
Then we obtain
Twfc(1) =
αsCF
4π
(
T
(0)
a‖ + T
(0)
a⊥
)(
log
2pγ · kq¯
µ2
− 1
)
(33)
The corrections of the external legs and the box diagram are equal to the relevant cor-
rections to the wave-functions because we use the renormalization scale equal to the factor-
ization scale, so
T (1)extqa = T
(1)extQ
a = T
(1)box
a = 0 (34)
B. 1-loop correction of T
(0)
b
The corrections of Tb are also order O(ΛQCD /mQ ) contributions as the tree level, the
Feynman diagrams of the 1-loop corrections of Tb are shown in Fig. 4.
The correction of the weak vertex is
F
(1)weak
b = −ieQCF g2s
i
16π2
v¯q¯
{[
NUV − log y
µ2
− 2 + x
y − x +
x2
(x− y)2 log
x
y
+
2wyy2
w − z +
wy log x
y
(3 log x
x−y
+ log y
x−y
)
(w − z)2
]
P µL
/pγ
y
+2P µL/pq
2yy2(w − z) + y
(
log y
x
(
3 log x
x−y
+ log y
x−y
))
2(w − z)2

 /εuQ
(35)
with
y2 =
1
2(w − z)
(
log
((
x
w + x− y − z
)3
y − w + z
x− y + w − z
)
log
(
x
y − w + z
))
(36)
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FIG. 4: 1-loop QCD correction of Fb.
and the correction of the wave-function is
Φ(1)q ⊗ T (0)b ∼ O(
1
m2Q
) (37)
the hard kernel can be obtained using
Φ(0) ⊗ Tweak(1)b = Fweak(1)b (38)
The results of the EM vertex is
F
(1)EM
b = −ieQCFg2s v¯q¯
i
16π2
P µL
{
mQ/ε
y
−2y
x− y log
x
y
+
/pγ/ε
y
(
2NUV − log x
µ2
−x
y
(
−2Li2(1− y
x
) +
π2
3
)
− 6x− y
x− y log
x
y
)}
uQ
Φ
(1)
Q ⊗ T (0)b = −2ieQCF g2s
i
16π2
v¯q¯P
µ
L
/pγ/ε
y
uQ
(
NUV − log x
µ2
+ 2
)
T
(1)EM
b = T
(0)
b
CF g
2
s
4π
(
log
m2Q
µ2
− 4− m
2
Q
2pγ · kQ
(
−2Li2(1− 2pγ · kQ
m2Q
) +
π2
3
)
−6m
2
Q − 2pγ · kQ
m2Q − 2pγ · kQ
log
m2Q
2pγ · kQ
)
+ ieQCFg
2
s
i
16π2
v¯q¯
P µL/εmQ
2pγ · kQuQ ×
4pγ · kQ
m2Q − 2pγ · kQ
log
m2Q
2pγ · kQ
(39)
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The results in Fig. 4.c. is
F
(1)wfc
b = −ieQCfg2s
i
16π2
v¯q¯P
µ
L
{(
−NUV − 1 + log x
µ2
− x
(x− y) +
y(2x− y)
(x− y)2 log
x
y
+
2x
y
(−3NUV − 5 + 3 log x
µ2
+
x
x− y +
(2x− 3y)y
(x− y)2 log
x
y
)
)
/pγ
y
/εuQ
+
(
−3NUV − 5 + 3 log x
µ2
+
x
x− y +
(2x− 3y)y
(x− y)2 log
x
y
)
mQ/ε
y
uQ
}
Φ
(1)
Wfc ⊗ T (0)b = 0
T
(1)wfc
b =
αsCF
4π
T
(0)
b‖
(
−1 + log x
µ2
− x
x− y +
y(2x− y)
(x− y)2 log
x
y
+
2x
y
(−5 + 3 log x
µ2
+
x
x− y +
(2x− 3y)y
(x− y)2 log
x
y
)
)
− ieQCFg2s
i
16π2
v¯q¯P
µ
L/εuQ
(
mQ
y
(−5 + 3 log x
µ2
+
x
x− y +
y(2x− 3y)
(x− y)2 log
x
y
)
)
|pQ→kQ
(40)
And the correction of the external legs and the box correction are also equal to each other,
so we also have
T
(1)extq
b = T
(1)extQ
b = T
(1)box
b = 0 (41)
C. 1-loop correction of T
(0)
c
The correction of the distribution function with gluons in Wilson-Line does not have
correspondent 1-loop QCD corrections. And because the momentum of light-quark and
heavy-quark show up together as kQ + kq¯ in T
(0)
c , we find(
∂
∂kQ
− ∂
∂kq¯
)
T (0)c = 0 (42)
and we obtain
T (1)qc = T
(1)Q
c = T
(1)wfc
c = 0 (43)
All the other corrections are similar as Eq. (34) and Eq. (41), we find
T (1)extqc = T
(1)extQ
c = T
(1)trangle
c = 0 (44)
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D. 1-loop result summery
With Eqs. (25), (30), (33), (34), (38) - (41), (43) and (44), we can establish the order αs
hard-scattering kernel. We find that, T (1) is IR finite up to order O(αsΛQCD /mQ ), so the
factorization is proved up to the order of O(1 /mQ ) corrections.
It is well known that, the factorization will fail with the light mesons. However we find
that the ΛQCD /mQ expansion is irrelevant by briefly investigating the factorization at higher
orders of O(ΛQCD /mQ).
In the calculations above, we find that the IR divergences in the corrections of the external
legs and the box diagrams are cancelled exactly, while the remaining IR divergences are all
collinear divergences which show up in the amplitudes with one of the vertexes of the gluon
propagator connecting to the external light-quark, which are denoted in Fig 3.a and Fig 4.a.
In T
(1)EM
a , there are no neglected O(ΛQCD /mQ )
2 or higher order contributions. As a result,
the IR divergences at higher orders only survive in T
(1)weak
b . We also find that, there are
both higher order IR divergences in F
(1)weak
b and Φ
(1)
q ⊗ T (0)b . We shall investigate whether
those IR divergences can be cancelled.
We concentrate on the IR region of the loop integration, using lǫ → 0, we find
F
weak(1)
b IR = lim
lǫ→0
(
−ieQCF gs
∫ lǫ
−lǫ
ddl
(2π)d
v¯q
1
l2
γρ
−/pq¯
(l + pq¯)2 −m2q
P µL
×
2pρQ/pQ + 2p
ρ
γ/pγ − 2p
ρ
Q/pγ − 2pργ/pQ + 2γρpQ · pγ + 2(pQ − pγ)ρmQ
(2pQ · pγ)2 /εuQ
) (45)
We also bring back the neglected higher order terms in the numerator of T
(0)
b , and the
correction of the wave-function is
T
(0)
b = eQP
µ
L
/kQ − /pγ +mQ
(kQ − pγ)2 −m2Q
/ε
(Φ(1)q ⊗ T (0))IR = lim
lǫ→0
(
−ieQCFg2s
∫ lǫ
−lǫ
ddl
(2π)d
1
l2
v¯qγ
ρ
/pq¯
(l + pq¯)2 −m2q
P µL
×
−γρ2pQ · pγ − 2(pQ − pγ)ρ(/pQ − /pγ +mQ)
(2pQ · pγ)2 /εuQ
) (46)
we find
F
(1)
b IR − (Φ(1) ⊗ T (0))IR = 0 (47)
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This result indicates that, the factorization is valid at any order of O(ΛQCD /mQ ), as a
result, the valid region of factorization in Ref [8] is extended. The failure of the factorization
approach in the light meson decays is due to the bad convergence behaviour in the O(αs)
expansion.
We then concentrate on the contribution of the hard scattering kernel to the amplitude.
The amplitude can be obtained by replacing the wave-function with the one obtained in
Ref. [16]
Φ(0)(kq, kQ) =
1√
3
∫
d3kΨ(k)
1√
2
M | 0 >
× δ3(~kq¯ + ~k)δ3(~kQ − ~k)δ(kq¯0 −
√
k2 +m2q)δ(kQ0 −
√
k2 +m2Q)
(48)
with
M =
∑
i
bi+Q (
~k, ↑)di+q (−~k, ↓)− bi+Q (~k, ↓)di+q (−~k, ↑), Ψ(~k) = 4π
√
mPλ3P e
−λP |~k|
(49)
The matrix element can be written as
F µ(µ) =
1
(2π)3
3√
6
∫
d3k
∫
d4kQ
∫
d4kq¯Ψ(k)Tr
[
M · (T (0)µ(kq¯, kQ) + T (1)µ(kq¯, kQ))]
× δ3(~kq¯ + ~k)δ3(~kQ − ~k)δ(kq¯0 −
√
k2 +m2q)δ(kQ0 −
√
k2 +m2Q)
(50)
After convolution with the wave-functions of the heavy mesons, some of the terms will
have identical contributions to the matrix element up to order O(ΛQCD /mQ ) due to their
Dirac structures. As a result, we find that the F µ can be simplified as a function of four
different types of Dirac structures, and can be written as
F µ(µ) =
∑
n
1
(2π)3
3√
6
∫
d3kΨ(k)Tr [Cn(pQ, pq¯, µ)M ·Kn(pQ, pq¯)] (51)
with pq = (
√
m2q + k
2,−~k) and pQ = (
√
m2Q + k
2, ~k) denote the on-shell momenta of the
light anti-quark and the heavy quark in the bound state. And the Kn are defined as
K1(kQ, kq¯) = T
(0)
a‖ , K2(kQ, kq¯) = T
(0)
a⊥ , K3(kQ, kq¯) = T
(0)
b , K4(kQ, kq¯) = eQ
P µL/εmQ
2pγ · kQ (52)
Except for C1K1, all the other products are contribution of order O(ΛQCD /mQ ), for clar-
ity, we define C1 = C
0
1 + C
1
1 , with C
m
1 represents order O(ΛQCD /mQ )
m contribution, the
coefficients are
C01(pq, pQ, µ) = 1 +
αsCF
4π
(
− log y
µ2
+ y1 − 2 log xz
y2
+
x
x− y log
x
y
− 4 + 2π
2
3
+2 log2
y
z
− 2 log y
z
log
x
µ2
+ 2 log
x
µ2
+ 2 log
z
µ2
− 5
) (53)
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C11(pq, pQ, µ) =
w
(x− y)2y
(
x2
(
−4 log xz
y2
− 2
)
+ xy
(
5 log
x
y
+ 8 log
z
y
+ 5
)
+y2
(
2 log
y
x
+ 4 log
y
z
− 3
))
+
x3z
(x− y)2y2
(
−3y1 + 8 log xz
y2
− 4
)
+
x2z
(x− y)2y
(
7y1 + 13 log
y
x
+ 19 log
y
z
+ 14
)
+
xz
(x− y)2
(
−5y1 + 4 log x
y
+ 14 log
z
y
− 17
)
+
yz
(x− y)2
(
y1 − 3 log z
y
+ 2 log
x
y
+ 7
)
− w
2(x− y) log
x
y
+
(
2w
y
− 4xz
y2
)
log
xz
y2
+
(
2w
y
− 4xz
y2
)(
log
x
µ2
log
y
z
− 2 log y
z
− log x
µ2
+ 4
)
−
(
2− π
2
3
− log2 y
z
+ log
y
z
log
x
µ2
+ log
x
µ2
)
2z
y
(54)
C2(pq, pQ, µ) = 1 +
αsCF
4π
(
− log y
µ2
+ y1 − 2 log xz
y2
+ log
x
y
+
xz
yw
log
xz
y2
−4zx
yw
(
log
x
µ2
log
y
z
− 2 log y
z
− log x
µ2
+ 4
)) (55)
C3(pq, pQ, µ) = 1 +
αsCF
4π
((
log
x
µ2
− 2− 2x
y
(
−Li2(1− y
x
) +
π2
3
)
− 6x− y
x− y log
x
y
)
−1 + log x
µ2
− x
x− y +
y(2x− y)
(x− y)2 log
x
y
+
2x
y
(−5 + 3 log x
µ2
+
x
x− y +
(2x− 3y)y
(x− y)2 log
x
y
)
− log y
µ2
− 2 + x
y − x +
x2
(x− y)2 log
x
y
+
2wyy2
w − z +
wy log x
y
(3 log x
x−y
+ log y
x−y
)
(w − z)2
)
(56)
C4(pq, pQ, µ) =
αsCF
4π
((
2xz2
yw
− 2z
)
2y2y(w − z) + log yx(3y log xx−y + y log yx−y )
(w − z)2
− 2y
x− y log
x
y
+
(
−5 + 3 log x
µ2
+
x
x− y +
y(2x− 3y)
(x− y)2 log
x
y
)) (57)
with x, y, z and w defined in Eq. (18), and y1, y2 defined in Eq. (27) and Eq. (36).
VI. LARGE LOGARITHM RESUMMATION
In the expression of F µ, large logarithms show up. Those large logarithms need to
be resummed so that the result is phenomenologically reliable. We concentrate on the
large logarithms at order O(ΛQCD /mQ )
0, because terms like
(
ΛQCD log
√
mQΛQCD
mQ
)
/mQ
are suppressed and not large. In this section, we use y = 2pγ · pQ = 2EγmQ for simplicity.
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We concentrate on C01 , which can also be written as
C01 (pq, pQ, µ) = 1 +
αs(µ)CF
4π
(
−2Li2
(
1− y
x
)
− 2 log2 x
y
− y
x− y log
y
x
+ 2 log
y
x
+ 2 log
x
y
log
x
µ2
+ 3 log
x
µ2
− log2 x
µ2
− 6− π
2
12
+ log2
µ2
z
− 3− π
2
4
) (58)
When µ ∼ mQ, the large logarithms are the same as Ref. [8]. However, when µ is set to
µ ∼√mQΛQCD, the large logarithms are different from Ref. [8] by
− 1
2
log2
mQ
µ2
+
1
2
log
mQ
µ2
(59)
This is because the corrections of wave-functions in this work are not calculated in HQET
framework as Ref. [8], in which mQ will not appear in the result.
A. Renormalization group equation (RGE) evolution
We start with the RGE at order O(ΛQCD /mQ )
0, and use the method introduced in
Ref. [13]. The RGE of C01 is
µ
∂
∂µ
C01(µ) = γ(µ)C
0
1(µ) (60)
with γ(µ) defined as anomalous dimension of C01 , which can be obtained by using the counter
terms of C01K1. The counter terms at the order O(ΛQCD /mQ )
0 can be written as
Z =
αs(µ)CF
4π
2
ǫ
(
2 log
z
y
− 3
)
(61)
We can use the counter terms and the β function in QCD to calculate γ(µ)
β = −g ǫ
2
+O(g3) γ(µ) = Z−1
(
µ
∂
∂µ
+ β
∂
∂g
)
Z (62)
The result is
γ(µ) = −αs(µ)CF
2π
(
2 log
µ2
y
+ 2 log
z
µ2
− 3
)
(63)
With this result, we can solve the RGE of the coefficient. Assume the coefficient can be
written as a hard function multiplied by a jet function [9, 21], so
C(µ) = H(µ)J(µ), γ(µ) = γH(µ) + γJ(µ)(
µ
∂
∂µ
H(µ)
)
J(µ) +H(µ)
(
µ
∂
∂µ
J(µ)
)
= γH(µ)H(µ)J(µ) + γJ(µ)H(µ)J(µ)
(64)
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The RGE of the hard function is
µ
∂
∂µ
H(µ) = γH(µ)H(µ) (65)
By splitting the coefficient C
(0)
1 into H and J , we assume that the natural scale of H is mQ,
while the natural scale of J is
√
mQΛQCD, which is also the case for γ(µ) with a log(µ
2 /y )
term and a log(µ2 /z ) term. So we split the γ(µ) such that γH(µ) is the sum of the log(µ
2 /y )
term and an undetermined constant n′, so
γH(µ) = −αs(µ)CF
2π
(
2 log
µ2
y
+ n′
)
(66)
Similar as Refs. [8, 14], we find
γHLO = −
αs(µ)CF
π
2 log
µ
mQ
, γHNLO = −
αs(µ)CF
2π
(
n′ − 2 log 2Eγ
mQ
)
− 2CFBα
2
s(µ)
(2π)2
log
µ
mQ
(67)
The γHNLO is the same as Refs. [8, 14], so the solution is
H(µ) = exp
(
f0
αs(mQ)
+ f1
)
H(mQ)
f0 = αs(mQ)
(
−2 4πCF
β20αs(mQ)
(
1
r
− 1 + log r
))
f1 = −CFβ1
β30
(1− r + r log r − 1
2
log2 r) +
CF
β0
(
n′ − 2 log y
x
)
log r − 2CFB
β20
(r − 1− log r)
(68)
with r = αs(µ)
αs(mQ)
, β0 =
11CA
3
− 2Nf
3
and β1 =
34C2A
3
− 10CANf
3
− 2CFNf , where CA = 3 for
QCD, Nf is the number of the flavour of quarks taken into account, and B can only been
derived from 2-loop calculations. In Ref. [14], by comparing the result with B → Xsγ and
B → Xulv¯ in Ref. [22], B is found to be B = CA
(
67
18
− π2
6
)
− 5Nf
9
. So the result of H is
H(µ) = H(mQ) exp
(
αs(mQ)Cf
4π
(
−4 log2 µ
mQ
+ 4 log
y
x
log
µ
mQ
− 2n′ log µ
mQ
)
+O(α2s)
)
(69)
B. The resummation
The hard function can be derived by using the method introduced in Ref. [9]. With xγ
defined as xγ = 2Eγ /mQ , the result is
Hˆ(
2Eγ
µ
) = 1 +
αs(µ)CF
4π
(
−2Li2 (1− xγ)− 2 log2 2Eγ
µ
− 1
1− xγ log xγ + 2 log
2Eγ
µ
)
(70)
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and
H(mQ) = Hˆ(
2Eγ
mQ
) (71)
we also find
H(mQ) = C
SCET
3,6 (mQ) (72)
With n′ = 3, the evaluation of the RGE will correctly resum the large logarithms, which
can be shown explicitly by expanding the solution of RGE of hard function
H(µ) = H(mQ)×
(
1 +
αs(mQ)CF
4π
(
−4 log2 µ
mQ
+ 4 log
y
x
log
µ
mQ
− 6 log µ
mQ
))
+O(α2s)
= 1 +
αs(mQ)CF
4π
(
−2Li2
(
1− y
x
)
− 2 log2 x
y
− y
x− y log
y
x
+ 2 log
y
x
+2 log
x
y
log
x
µ2
+ 3 log
x
µ2
− log2 x
µ2
− 6− π
2
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)
+O(α2s)
(73)
Comparing Eq. (60) and Eq. (64) with Eq. (73), we find that there are no more large
logarithms in the remaining terms, which gives the jet function
J(µ) = 1 +
αs(µ)CF
4π
(
log2
µ2
z
− 3− π
2
4
)
(74)
The γJ(µ) can been obtained by subtracting γH(µ) from γ(µ)
γJ(µ) =
αs(µ)CF
π
2 log
µ√
z
(75)
The solution of RGE of jet function is
J(µ) = J(
√
z)× exp
(
αs(
√
z)CF
4π
log2
µ2
z2
+O(α2s)
)
(76)
We find that, Eq. (76) can also correctly resum the large logarithms which will show up in
jet function when µ is evaluated to lower than
√
ΛQCDmQ.
When µ >
√
ΛQCDmQ, the resummed result at order O(αs (ΛQCD /mQ )
0) is
C01 =
{
1 +
αs(mQ)CF
4π
(
−2Li2
(
1− y
x
)
− 2 log2 y
x
− y
x− y log
y
x
+ 2 log
y
x
− 6− π
2
12
)}
× exp
(
αs(mQ)Cf
4π
(
−4 log2 µ
mQ
+ 4 log
y
x
log
µ
mQ
− 6 log µ
mQ
))
×
(
1 +
αs(µ)Cf
4π
(
log2
µ2
z
− 3− π
2
4
))
(77)
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FIG. 5: C01 as function of µ, with Eγ =
mQ
4 , k+ = ΛQCD. The solid line is the resummed result,
and the dotted line is the un-resummed one.
At the leading order of O(ΛQCD /mQ ), z can be written as z = 2pγ · kq¯ =
√
2k+Eγ . Using
ΛQCD = 200 MeV, mb = 4.98 GeV, and k+ = ΛQCD, Eγ =
mQ
4
, we can show the evaluation
of coefficient C01 in Fig. 5.
VII. NUMERICAL APPLICATIONS
The amplitude is derived in Eq. (50), which can be decomposed as [6, 23]
< γ | q¯ΓµQ | P >= ǫµνρσενpρPpσγFV + i
(
εµpP · pγ − pµγε · pP
)
FA (78)
The contribution in Fig. 1.c. depends on not only Eγ but also on pν and pl. For simplicity,
we treat this term separately, the form factors is written as
< γ | q¯ΓµQ | P > +FcpµP = ǫµνρσενpρPpσγFV + i
(
εµpP · pγ − pµγε · pP
)
FA + Fcp
µ
P
FV =
1
(2π)3
3√
6
∫
d3kΨ(k)
1
2
√
pq0pQ0(pq0 +mq)(pQ0 +mQ)
1
mPEγ
× (2eqC1mQ − C01pq0eq + eQ2pq0C3)
FA =
1
(2π)3
3√
6
∫
d3kΨ(k)
1
2
√
pq0pQ0(pq0 +mq)(pQ0 +mQ)
1
mPEγ
×
(
2eqC1mQ − C01pq0eq − eq
2pq0mQ
Eγ
C2 − eQ2pq0C3 + eQ2pq0mQ
Eγ
C4
)
(79)
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FIG. 6: Form factors of B → γeνe as functions of Eγ . The results are presented as the ratios of
the form factors at 1-loop order to the one at the tree level and the leading order of the ΛQCD /mQ
expansion, which is denoted as F0. The solid line is FA /F0 = FV /F0 , where FA,V are at the order
of O(αs(ΛQCD /mQ )
0). The dotted line is FV /F0 and the dashed line is FA /F0 , both at the order
of O(αsΛQCD /mQ ).
The relation FA = FV at leading order is explicitly broken at orderO(ΛQCD /mQ ) as expected
[24]. We evaluate this integral using [16]
mD = 1.9 GeV, mB = 5.1 GeV, mu = md = 0.08 GeV, mb = 4.98 GeV, mc = 1.54 GeV
ΛQCD = 200 MeV, λB = 2.8 GeV
−1, λD = 3.4 GeV
−1
(80)
The result of FA,V of B → γeνe is shown in Fig. 6, the O(ΛQCD /Eγ ) contribution is
more important at the region Eγ → 0 which is clearly shown in the figure. The numerical
results of FA,V are inconvenient to use when calculate the decay widths. For simplicity,
we use some simple forms to fit the numerical results. For the form factors at the order
O(αs(ΛQCD /mQ )
0), we use the single-pole form
F αsA (Eγ) = F
αs
V (Eγ) =
f(0)
q2 −m∗2 =
f(0)
m2P −m∗2 − 2mPEγ
(81)
where q = pP − pγ . While up to the order O(αsΛQCD /mQ ), inspired by the form factors in
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FIG. 7: Fit of the form factors of B → γeνe. The solid line is for the result at the leading order of
ΛQCD /mQ . The ‘×’ points and the dotted line are for FV while the dashed line and the ‘+’ points
are for FA.
Ref [17] the form factors are fitted as
F
αs
mQ
A,V (Eγ) =
(
AA,V
ΛQCD
Eγ
+BA,V
(
ΛQCD
Eγ
)2)
(82)
The predicted results for the form factors are more reliable at the region Eγ ≫ ΛQCD because
we have neglected the higher order terms of ΛQCD /Eγ in the numerical calculation, so we
choose the region Eγ > 2ΛQCD to fit the parameters in Eqs. (81) and (82). The fitting is
given in Table. I and shown in Fig. 7. and Fig. 8. On the other hand, Fc can be related to
m∗(GeV) f(0)(GeV) AV BV AA BA
B → γeνe 5.37 −0.63 0.27 0.45 0.32 −0.67
D → γeνe 1.98 −0.15 −0.00095 −0.54 −0.27 −0.059
TABLE I: The results of the parameters in the form factors in Eqs. (81) and (82).
the decay constant [16, 17] by
Fcp
µ
P = ie
pl · εP µL
pl · pγ < 0|q¯γµ(1− γ5)Q|P >= −iefP p
µ
P
pl · ε
pl · pγ (83)
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FIG. 8: Fit of the form factors of D → γeνe. The solid line is for the result at the leading order of
ΛQCD /mQ . The ‘×’ points and the dotted line are for FV while the dashed line and the ‘+’ points
are for FA.
Using the fitted result of FA, FV , the result of Fc, and using the Cabibbo - Kobayashi -
Maskawa (CKM) matrix elements [25, 26]
Vcd = 0.226, Vub = 0.0047 (84)
we obtain the result for the branching ratios. There are IR divergences in the radiative
leptonic decays in the case that the photon is soft or the photon is collinear with the emitted
lepton. Theoretically this IR divergences can be canceled by adding the decay rate of the
radiative leptonic decay with the pure leptonic decay rate, in which one-loop correction is
included [27]. The radiative leptonic decay can not be distinguished from the pure leptonic
decay in experiment when the photon energy is smaller than the experimental resolution
to the photon energy. So the decay rate of the radiative leptonic decay depend on the
experimental resolution to the photon energy Eγ which is denoted by ∆Eγ . The dependence
of the branching ratios on the resolution are listed in Table. II.
Using ∆Eγ = 10MeV [28], the branching ratios are given in Table. III. We find that, in
general, the 1-loop results are smaller than the tree level results. The 1-loop correction is
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∆Eγ BR(B → eνeγ) BR(D → eνeγ) ∆Eγ BR(B → eνeγ) BR(D→ eνeγ)
5MeV 1.77 × 10−6 3.10 × 10−5 20MeV 1.56 × 10−6 2.53 × 10−5
10MeV 1.66 × 10−6 2.81 × 10−5 25MeV 1.53 × 10−6 2.45 × 10−5
15MeV 1.60 × 10−6 2.64 × 10−5 30MeV 1.48 × 10−6 2.38 × 10−5
TABLE II: The branching ratios with different photon resolution ∆Eγ .
BR
O((
αsΛQCD
mQ
)0)
BR
O(αs(
ΛQCD
mQ
)0)
BR
O(
αsΛQCD
mQ
)
B → eνeγ 2.38 × 10−6 1.01 × 10−6 1.66 × 10−6
D → eνeγ 9.62 × 10−6 2.71 × 10−6 2.81 × 10−5
TABLE III: The branching ratios of the decay modes.
found to be important. For B meson, the correction to the decay amplitude at the order
O(ΛQCD /mQ )
0 is about 10% to 30% due to the large logarithms.
The contribution of the order O(αsΛQCD /mQ ) are generally not negligible. For B meson,
the correction of the order O(ΛQCD /mQ ) contribution to the decay amplitude can be as large
as 30%. For D mesons, the mass of c quark is not large enough, the order O(ΛQCD /mQ ))
contributions is much more important, it is necessary to include higher order corrections in
ΛQCD /mQ expansion.
VIII. CONCLUSION
In this paper, we study the factorization of the radiative leptonic decays of B− and
D− mesons. Compared with the work in Ref. [8], the factorization is extended to include
the O(ΛQCD /mQ ) contributions, and the transverse momentum is also considered. The
factorization is proved explicitly at 1-loop order, the valid region of the factorization is
extended. The hard kernel at order O(αsΛQCD /mQ ) is obtained. We use the wave function
obtained in Ref. [16] to derive the numerical results. The branching ratios of B− → γeν¯ is
found to be at the order of 10−6, which is close to the previous works [7, 17, 29–31]. In the
previous works, the results of D mesons are different from each other from 10−3 to 10−6, our
results agree with 10−5.
We also find that the O(ΛQCD /mQ ) contribution is very important even for B meson, the
correction to the decay amplitude is about 20%−30%, which can affect the branching ratios
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about 50%. This is because of the importance of O(ΛQCD /Eγ ) contributions. In previous
works, O(ΛQCD /Eγ ) contributions is neglected. For a typical region, Eγ ∼ mQ /4, which is
also the leading region of the phase space of the tree level, the neglected contributions can
be up to 20%. As a result, the correction to the branching ratios can be up to 40% at tree
level.
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Appendix A. IBP REDUCTANT RELATION OF WAVE FUNCTION
The integral is
Φ(1)q (kq¯, kQ) =
∫
d4x
∫
d4yeikq¯·xeikQ·y < 0|q¯q¯(x)igs
∫ x
y
dzzµA
µ(z)Q(y)
× igs
∫
d4x2q¯q¯(x2) /A(x2)qq¯(x2)|q¯S(pq¯), Qs(pQ) >
(A. 1)
After variable substitution using z = x+ αy, we find∫ x
y
dzzµA
µ(z) =
∫ 1
0
d(y + α(x− y))µAµ(y + α(x− y)) =
∫ 1
0
dα(x− y)µAµ(y + α(x− y))
(A. 2)
After the contraction and then integral over x2, p, the result is
Φ(1)q ⊗ T (0) = −CF g2s
∫
d4x
∫
d4y
∫ 1
0
dα
∫
ddl
(2π)d
× eiy(˙kQ+αl−pQ)eix(˙kq¯−αl−pq¯)v¯q¯γ · (x− y) 1
l2
(−/l − /pq¯ +mq¯)
(l + pq¯)2 −m2q¯
T (0)uQ
(A. 3)
The integral over x and kq¯ can be worked out term by term. However, we find IBP reduction
relation [18] an elegant way to do so. Consider this integral∫
d4kq
(2π)4
Γ(kq)
∫
d4xe−i(pq¯+αl−kq¯)·x (A. 4)
It is unchanged when kq is shifted, so under the infinitesimal transformation
kq → kq + βK (A. 5)
The integral transforms as
Γ(kq)
∫
d4xe−i(pq¯+αl−kq¯)·x →
(
βK · ∂
∂kq
)(
Γ(kq)
∫
d4xe−i(pq¯+αl−kq¯)·x
)
(A. 6)
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The Lie algebra leads to∫
d4kq
(2π)4
(
K · ∂
∂kq
)(
Γ(kq)
∫
d4xe−i(pq¯+αl−kq¯)·x
)
= 0 (A. 7)
so that ∫
d4kq
(2π)4
Γ(kq)K · x
∫
d4xe−i(pq¯+αl−kq¯)·x = i K · ∂Γ(kq)
∂kq
∣∣∣∣
kq=pq¯+αl
(A. 8)
So after integrate over x, kq¯, y and kQ, the result is
Φ(1)q ⊗ T (0) = ig2sCF
∫
ddl
(2π)d
1
l2
v¯q¯γ
ρ
(/l + /pq¯ −mq¯)
(l + pq¯)2 −m2q¯
∫ 1
0
dα
(
∂T (0)
∂kρq
− ∂T
(0)
∂kρQ
)∣∣∣∣∣
kq=k′,kQ=K ′
uQ
k′ = pq¯ + αl, K
′ = pQ − αl
(A. 9)
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